MIYASHITA ACTION IN STRONGLY GROUPOID 
GRADED RINGS 



JOHAN OINERT AND PATRIK LUNDSTROM 

Abstract. We determine the commutant of homogeneous subrings in 
strongly groupoid graded rings in terms of an action on the ring induced 
by the grading. Thereby we generahze a classical result of Miyashita 
from the group graded case to the groupoid graded situation. In the 
end of the article we exemplify this result. To this end, we show, by an 
explicit construction, that given a finite groupoid G, equipped with a 
nonidentity morphism t : d(t) — > c{t), there is a strongly G-graded ring 
R with the properties that each Rs, for s G G, is nonzero and Rt is a 
nonfree left _Rt,(t)-module. 



1. Introduction 

Let be a ring. By this we always mean that R is an additive group 
equipped with a multiphcation which is associative. If R is unital, then the 
identity element of R is denoted Ir. We say that a subset R' of i? is a 
subring of R if it is itself a ring under the binary operations of R\ note that 
even if R and R' are unital it may happen that 1^' 7^ However, we 
always assume that ring homomorphisms R — >■ R" between unital rings R 
and R" map Ir to 1r"- The group of ring automorphisms of R is denoted 
Aut(ii). 

By the commutant of a subset X of i?, denoted Cr{X), we mean the set of 
elements of R that commute with each element of X. If y is another subset 
of R, then XY denotes the set of all finite sums of products xy, for x S X 
and y € y. The task of calculating Cb{X) is in general a difficult problem. 
However, if R is strongly group graded and X belongs to a certain class of 
subrings of i?, then, by a classical result of Miyashita ^12] (see Theorem [T]), 
there is an elegant solution to this problem formulated in terms of a group 
action defined by the grading. Namely, recall that R is said to be graded 
by the group G, or G-graded, if there is a set of additive subgroups, 
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for s € G, of i? such that R = ^^^qRs and RgRt Q Rst, for s,t € G. If 
H is a subgroup of G, then we let Rh denote the subring ^g^jj Rs of R; 
in particular, R^. is a subring of R, where e denotes the identity element of 
G. If R is graded by G and RgRt = Rst, for s,t € G, then is said to 
be strongly graded. If in addition R is unital, then there is a unique group 
action G B s ^ as £ Aut{Cji{Re)) of G on Cji{Re) satisfying r^x = crs(2^)rs, 
for s £ G, rg £ Rg and x G Gji{Re). Indeed, crs{x) = X^i'Li cii^bi, for x G -Rg) 
where G i?^ and 6j G Rg-i are chosen so that Y27=i '^i^i ~ ^R- H C G 
and Y C Gji{Re), then we let denote the set of y G y which are fixed 
by all as, for s £ H. 

Theorem 1 (Miyashita [12])' Let R be a unital ring strongly graded by the 
group G. If H is a subgroup of G, then Gr{Rh) = Gfi{Re)^ ■ 

In fact, Miyashita proves a more general statement concerning G-actions 
on module endomorphisms (see Theorems 2.12 and 2.13 in [l2]). For more 
details concerning this and related results, see e.g. [H Section 1.2], [21 The- 
orem (2.1)], [m Section 3.4] and [16]. For more details about group graded 
rings in general, see e.g. [13] or |14j . 

The purpose of this article is to generalize Theorem [1] from groups to 
groupoids (see Theorem [2|). To be more precise, suppose that G is a small 
category, that is such that mor(G) is a set. The family of objects of G is 
denoted by ob(G); we will often identify an object in G with its associated 
identity morphism. The family of morphisms in G is denoted by mor(G); 
by abuse of notation, we will often write s £ G when we mean s £ mor(G). 
The domain and codomain of a morphism s in G is denoted by d{s) and 
c{s) respectively. We let G^^^ denote the collection of composable pairs of 
morphisms in G, that is all (s,t) in mor(G) x mor(G) satisfying d{s) = c{t). 
For e, / G ob(G), we let G/^e denote the collection of s G G with c{s) = f and 
d{s) = e and Gg denotes the monoid Ge,e- A category is called cancellative (a 
groupoid) if all its morphisms are both monomorphisms and epimorphisms 
(isomorphisms). A subcategory of a groupoid is said to be a subgroupoid if 
it is closed under inverses. For more details concerning categories in general 
and groupoids in particular, see e.g. [H] and [5] respectively. Let R he a 
ring. We say that a set of additive subgroups, Rs, for s G G, of i? is a G -filter 
in R if for all s,t G G, we have RsRt C Rst if (s,t) G G^^) and RsRt = {0} 
otherwise. We say that a G-filter is strong if RgRt = Rst for {s,t) £ G^'^\ 
Furthermore, we say that the ring R is graded by the category G if there 
is a G-filter, Rg, for s G G, in i? such that R = If R is graded 

by a strong G-filter, then we say that it is strongly graded. Analogously 
to the group graded situation, if is a subcategory of G, then we let Rh 
denote the subring ^g^^ Rs of R. We say that R is locally unital if for 
each e G ob(G) the ring R^ is unital, making every Rs, for s G G, a unital 
-R(;(s)--Rd(s)"bimodule. For more details concerning category graded rings, 
see e.g. [t], [9], [10] and [E]. 
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In Section [3l we show that if is a ring which is strongly graded by 
a groupoid G, then for each s G G there is a ring isomorphism as from 
^Ro^f^ ) i^d{s)) to ^ ^ (-Rc(s)) (see Definition [3]) with properties similar to 
the ones in the group case above (see Proposition [6]). In the end of Section 
El we use this fact to show the following result. 

Theorem 2. Let R be a locally unital ring strongly graded by the groupoid 
G. If H is a subgroupoid ofG, then Ch^Rh) equals the set of elements of the 
form X]egob(G) where Xe £ Kg,, for e € ob(G) \ oh{H), G CRQ^{Re), 
for e € oh{H), and as{xd(^s)) = Xc{s), for s e H. 

There is a well-developed theory for invertible bimodules of unital rings 
(see [1], [7] and [E]). However, in order to be able to generalize this theory 
to locally unital groupoid graded rings, and in particular in order to show 
Theorem [21 we need to extend the theory slightly (see Section [2]) . Namely, 
given unital subrings A and i? of a (not necessarily unital) ring R we say 
that a unital ^-i?-submodule X of ii is invertible if there is a unital B-A- 
submodule of R such that XX~^ = A and X~^X = B. The collection 
of invertible submodules of R forms a groupoid (see Definition [1] for the 
details). 

In Section IH we illustrate Theorem [T] and Theorem [2] in two cases (see 
Example [Tj). To this end, we make an explicit construction (see Proposi- 
tion [8|) of graded rings, which is inspired by |3j. A particular case of our 
construction implies the following result. 

Theorem 3. Given a finite groupoid G, equipped with a nonidentity mor- 
phism t : d{t) c(t), there is a unital strongly G -graded ring R with the 
properties that each Rs, for s G G, is nonzero and Rt is nonfree as a left 
R^f^iymodule. 

We find that Theorem [3] is interesting in its own right since, in general, 
every component Rg, for s G G, of a strongly groupoid graded ring R, 
is finitely generated and projective as a left i2c(s)"™oclule (see Proposition 
Ete)). 

2. MiYASHiTA Action 

Throughout this section, let A, B, G, R and S be rings such that A, 
B and G are unital subrings of R. Furthermore, let M, N and P be R- 
5-bimodules; we let Hom/j^5(M, A^) denote the collection of simultaneously 
left i2-linear and right S-linear maps M ^ N. 

Definition 1. We say that a unital A-S-submodule X of ii is invertible 
in R if there is a unital i?-^-submodule X^^ of R such that XX^^ = A 
and X~^X = B. Let Grd(i?) denote the groupoid having subrings of R as 
objects and invertible ^-i?-submodules A of as morphisms, for subrings 
A and B of R; in that case we will write X : B ^ A. If y : G — >■ -B is an 
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invertible -B-C-submodule of R, then the composition of X and Y is defined 
as the j4-C-submodule XY of R. The identity morphism A ^ A is A itself. 

Proposition 1. Every X : B A in Grd(i?) is finitely generated and 
projective both as a left A-module and a right B-module. 

Proof. By the assumptions A = XX^^ and hence there is a positive integer 
n and Xi G X and yi S X^^, for i € {1, ... , n}, such that 1a = X^ILi ^iVi- 
For each i € {1, . . . , n} define a right i?-hnear fi : X ^ B hy fi{x) = yiX, 
for X £ X. If X G X, then x = Iax = XiyiX = ^^^i Xifi{x). Hence, 

by the dual basis lemma (see e.g |6, p. 23]), we get that X is a projective 
right i?-module generated by xi, . . . Analogously, one can prove that 
X is a finitely generated projective left A-module. □ 

Proposition 2. If X : B ^ A is in Grd(i?) and f G BomB,s{BM, BN), 
then there is a unique f-^ G Hom^^s(AM, AA^) satisfying 

(1) f^{xm) = xf{lBm) 

for all X £ X and all m G M . Moreover, the following properties hold: 

(a) 0^ = and id^M = '^^am; 

(b) G HomB,s(i?M, BN), then (/ + 5)^ = + 5^; 

(c) ^/g G HomB,s(i?A, BP), then {g o f)^ = o f^; 

(d) ifge RomA,s{AM,AN), then g^ = g; 

{e)ifY:C^Bin Grd(i?) and g G Home s (CM, C A), then (g^)^ = 

Proof Fix A : 5 ^ A in Grd(i?) and / G RomB,s{BM, BN). Since 1a G 
A = XX~^, there is a positive integer n and Xi G A, yj G A^"*^, for i G 
{!,..., n}, such that Yli^=i^iyi — ^A- If a map f-^ G HomA,s(^-M, AA) 
satisfying ([T]) exists, then it is unique, since 

f^{am) = f^{alAm) = f^ a^Xiyim = 



(2) =Z^f (axiyim) = o 2^ Xif{yim) 

1=1 1=1 



for all a G A and all m G M; define f^(am) by the last part of ([2]). We 
must show that f'^ does not depend on the choice of the Xj's and y^'s. To 
this end, suppose that p is a positive integer and x'j G A and y'j G A~^, for 
J G {1, . . . ,p}, are chosen so that Yl^=i ^'jUj — ^A- Take a £ A and m G M. 
Then, since yix'j G .B, we get that 

p p p n 

a ^ x'jfiy'jm) = a ^ \Ax)f{y^m) = a ^ ^ XiyiXjf{y^m) = 

j=l j=l j=l i=l 
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= a ^ ^ Xifiyix'jy'jm) = a ^ ^ Xifiyix'^y'^m) = 

j=l 1=1 i=l j=l 

n 1 p \ n n 

= a^Xif yi^x'jy'jm = a^Xif{yilAm) = a^Xif{yim). 

1=1 \ j=l J 1=1 i=l 

Now we show that ([T|) holds. If x G X and m € M, then, since yiX € 
X~^X = B iov i £ {1, . . . , n}, we get that 

n n 

f^{xm) = '^Xif{yixm) = '^Xif{yixlBm) = 

i=l 1=1 

n 

= '^Xiyixf{lBm) = lAxf{lBm) = xf{lBm). 

i=l 

Next we show that f-^ S Horn a, s {AM, AN). It is clear that respects 
addition and right S'-multiplication. Now we show that f'^ respects left 
^-multiplication. To this end, suppose that m G M and a, a' S A. Since 
axi € X, for ? € {1, ... , n}, we get, by ([TJ, that 

(n \ n 

a^Xiyium = ^ (axiyiam) = 
i=l / i=l 
n / " \ 

= y^aXif{lByiam) = a ^Xif{yiam) = af^{lAam) = af^{am). 

i=l \i=l / 

(a) and (b) follow immediately. 

(c) It is clear that both (gof)^ and g^of^ belong to RomA,s{AM, AP). 
Moreover, if x € X and m € M, then we get that 

{g'' o f^^Xxm) = <7^(/^(xm)) = g^'ixfilBm)) = 
= xg{f{lBm)) = x{g o f){lBm). 
By uniqueness of the map h-^ in Y{ova.A^s{AM , AP) satisfying (xm) = 
xh{lB'm), for X € X and m G M, it follows that {g o f)^ = o . 

(d) This follows if we let xi = yi = 1a and Xi = yi = 0, for i € {2, ... , n}. 

(e) Suppose that g € Homc,s(CM, CiV) and that Y : C ^ B. Take 
a positive integer p and x'j G Y , y'- € Y^^ , for j G {!,... such that 
Ej=i x'jy'j = Is. If a e yl and m € M, then 

n n p 

{g^)^{am) = a^Xig^{yim) = a^^Xix'jgiy'jyim) = g^^ {am) 

i=l i=l j = l 

since for each i and j we have xix'j € XY, y'^yi € Y^^X^^ = {XY)^^ and 

n p n I p \ n n 

^^Xix'jy'jyi = Xl^M Xl^^i " "^Xilsyi = "^Xiyi = Ia- 

i=l j=l i=l \i=l / *=1 i=l 
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□ 

Definition 2. Suppose that G and H are categories. Recall that an action 
of G on is a functor ^ : G ^ H. If is a category of abelian categories, 
then we say that an action ^ of G on is additive if for each morphism g 
in G, the functor g respects the additive structures on the hom-sets. 

Remark 1. For each subring A of we let Hom/1^5 denote the abelian 
category having ^-S'-bimodules AM as objects, for i?-S'-bimodules M, and 
A-5-bimodule maps / : AM — >■ AN as morphisms, for i?-5-bimoduIes M 
and N . Furthermore, we let Hom^ denote the category having Hom^i^^ as 
objects, for subrings A of i?, and functors Hom.B,s ~^ ^om^^s morphisms, 
for subrings A and B of R. Then Proposition [2] can be formulated by saying 
that there is a unique additive action ^ of Grd(i?) on Hom^ subject to the 
condition that for any X : B ^ A in Grd(-R), any i?-5-bimodules M and 
A^, and any / G ILouiB^siBM, BN), we have that X{f){xm) = xf{lBm) 
for all X G X and all m € M. 

Proposition 3. For any X : B ^ A in Grd(i?) there is a unique ring 
isomorphism : Gbr{B) — )■ Car{A) with the property that a^{r)x = xr, 
for r G Cbr{B) and x £ X. If we choose a positive integer n and Xi £ X 
and Hi G X~^, for i £ {1, . . . satisfying ^"^^ Xiyi = 1a, then {r) = 
YJi=iXiryi, for r G Cbr{B). Moreover, = idc^j^{A) and if X : B ^ A 
and Y :G ^ B belong to Grd(i?), then a^^ = o . 

Proof. For each subring A of R, define maps h"^ : Endyijj(yli?) Car{A) 
and Ha : Gar{A) ^ End^,^(^i2) by h^{f) = /(U), for / G EndA,R{AR), 
respectively hA{c){ar) = car, for c G Gar^A), a £ A and r € R. It is clear 
that h^ and Ha are well defined ring homomorphisms satisfying h"^ o Ha = 
idcj^j^(A) and hA°h^ = idEndx r{AR)- Suppose that X : B —> Ais'va. Grd(ii) 
and that there is a ring isomorphism : Gbr{B) — t- Car{A) with the 
property that {r)x = xr, for r G Gbr{B) and x £ X. By the above, 
it follows that for each / G FindB,R{BR) the map {Ha o o h^){f) G 
'EndA,R{AR) satisfies 

{hA o o h^){f){xr) = hAia^'ih^ifmxr) = 

= a^(/i^(/))xr = x/i^(/)r = xf{lB)r 

for all X G X and all r G ii; by uniqueness, we get that {hA ° cr^ o h^){f) = 
f^. Hence, if r G Cbr{B), then we get that 

cj^(r) = {h^ ohAoa^ oh^ o hB){r) = {h^ o (•)^ o hB){r) = 

n 

= h^ihBirf) = hBirfiU) = Y.Xiryi. 

1=1 

By Proposition [2ja)-(e), it follows that is a ring isomorphism satisfying 
= idc^^(^) and a^^ = o . □ 
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Remark 2. If we for each subring A of R, consider the ring CAniA) to be 
an abehan category with one object AR, then the disjoint union C{R) := 
^CarIA), where the union runs over ah subrings A of R, has an induced 
structure of an abehan category. Therefore, Proposition[3]can be formulated 
by saying that the action of Grd(i?) on Hom^ defined in Remark [T] induces 
a unique additive action ^ of Grd(i?) on C{R) subject to the condition 
that for each X : B ^ A in Grd{R), the equality X{r)x = xr holds for all 
r € Cbr{B) and ah x e X. 

The commutant Ca^A) is called the center of A and is denoted by Z[A). 

Proposition 4. For any X : B ^ A in Grd(i?) there is a unique ring 
isomorphism : Z{B) — )■ Z{A) with the property that a'^{r)x = xr, for 
r G Z{B) and x ^ X. If we choose a positive integer n and Xi €z X and 
Vi G X^'^, for i G {!,..., n}, satisfying Yn^iXiVi = Ia, then (r) = 
Y17=i^i^yi> f^'"' ^ ^ ^{^)- Moreover, = id^(^) and if X : B ^ A and 
Y :C ^ B belong to Gid{R), then a^^ = o . 

Proof. This follows immediately from Proposition [3l □ 

Remark 3. If we for each subring A of R, consider the ring Z{A) to be an 
abelian category with one object A, then the disjoint union Zr := l+J Z{A), 
where the union runs over all subrings A of R, has an induced structure of 
an abelian category. Therefore, Proposition U] can be formulated by saying 
that the action of Grd(i?) on Hom5 defined in Remark [1] induces a unique 
additive action ^ of Grd(i?) on subject to the condition that for each 
X : B —?■ A in Grd(i?), the equality X{r)x = xr holds for all r G Z(B) and 
all X e X. 

3. Graded Rings 

At the end of this section, we prove Theorem [2j To achieve this, we 
first show three propositions concerning rings graded by categories and, in 
particular, groupoids. 

Proposition 5. Let R be a locally unital ring graded by a category G. 

(a) If s ^ G is an isomorphism, then RgRg-i = Rc{s) '^''^d only if RgRt = 
Rst for all t & G with d{s) = c{t). In particular, if G is a groupoid (or 
group), then R is strongly graded if and only if RgRg-i = Rc(s)! for all 
s G G. 

(b) Suppose that R is strongly graded. If s & G is an isomorphism, then 
Rs is finitely generated and projective, both as a left R^^g-j-module and 
a right Rd(s) -module. In particular, if G is a groupoid then the same 
conclusion holds for each s G G. 

(c) The ring R is unital if and only if R = Rh = ©sgH for a subcategory 
H of G with finitely many objects. The subcategory H may be chosen 
so that is nonzero for all e G oh{H). 
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Proof, (a) The "if" statement is clear. Now we show the "only if" statement. 
Take (s,t) G G^^) and suppose that RgRg-i = Rc{s)- Then, by the assump- 
tions we get that RgRt ^ Rgt — Rc{s)^st ~ RsRs~^^st ^ ^s^s^^st ~ ^s^t- 
Therefore, RsRt = Rst- The last part follows immediately. 

(b) This follows from Proposition [TJ 

(c) The "if" statement is clear since oh{H) is finite, then X]eeob(_ff) ^Re 
is an identity element of R. Now we show the "only if" statement of the 
claim. Suppose that R has an identity element 1r = Yls&G ^^'^ some 
Ts € for s (z G, such that = for all but finitely many s € G. Take 
e,/ G ob(G). If e / /, then = Ir.Ir^. = IrJrIr^- = Esgg l^e^^li?/ = 
SseG / ^s- This implies that = for all s G G with d(s) ^ c(s). Also 

Ifie = lfleli?e = ^ rJ Re = 12 S^G Re^ R^ = Hs^Ge'^^- ^^^^ impliCS 

that Te = 1r^ and that = for all nonidentity s £ G with d{s) = c{s). 
Therefore 1r = X^ggobj-fj) 1/?^ which in turn implies that 1r^ = for all but 
finitely many e G ob(G). Put = {s G G | Ir^^^^ = Ir^^^^ / 0}. Then H 
is a finite object subcategory of G satisfying R = Rh- □ 

In general there is not any obvious connection between local unitality and 
unitality of a graded ring. This is illustrated by the following remark. 

Remark 4. (a) If is a unital ring graded by a cancellative category, then 
R is also a locally unital ring. Indeed, let us write 1r = X^seG where 
Is G Rs for s G G. If i G G, then 1^ = 1^1* = ZlsgG ^slt- Since G is 
cancellative, this implies that l^lj = whenever s G G \ ob(G). Therefore, 
if s G G\ob(G), then 1^ = I^Ih = XlteG ^f^^t = 0. It is clear that {le}eGob(G) 
is a set of local units for R. 

(b) The conclusion in (a) does not hold if G is not cancellative. Indeed, 
let G = {e, s} be the monoid with = e, = s and es = se = s. Define 

/CCO\ /000\ /CCO\ 

i?= CCO i?e= 00 Rs = \ C C \ . 

\ooc/ \ooc/ \ooo/ 

Then R = R^^ Rg is a unital G-graded ring which is not a locally unital 
ring. 

(c) There are examples of G-graded rings R which are non-unital, but 
locally unital. Indeed, suppose that G is a category with ob(G) infinite and 
that X is a non-trivial ring which is unital. Let R = KG be the category 
algebra of G over K (this is sometimes called a quiver algebra of G over K, 
see e.g. [Ij). Recall that KG is the set of formal sums YlseG^'^^^ where 
kg G K, for s G G, and kg = for all but finitely many s G G. The addition 
on KG is defined by X^sgG ^^Ug + ZlsgG K^s = Y^geGi^s + kg)ug and the 
multiplication is defined as the bilinear extension of the rule {kgUg){k'f-Ut) = 
kgk'iUgt for s,t £ G and kg,k'-i- G A' if c(t) = d{s) and {kgUg){k[ut) = 
otherwise. If we put Rg = Kug, for s G G, then R = @g^Q Rg is a (strongly) 
G-graded ring. For each e G ob(G), it is clear that Re is a unital ring 
with identity Ix^^e- This makes R a locally unital ring. However, from 
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Proposition [5]^c) and the fact that ob(G) is infinite, it foUows that R is 
non-unital. 

Definition 3. Suppose that i? is a locahy unital ring strongly graded by 
a groupoid G. By Proposition [3] we can use the invertible Rc{s)-Rd(s)- 
bimodules Rg-, for s € G, to define a subgroupoid C{R,G) of Grd(i?) with 
CRQ^{Re), for e € ob(G), as objects, and the ring isomorphisms 
Crq^^ ^iRd{s)) ~^ C'-Rg ( )(-^c{s))) foi^ s € G, as morphisms. In the sequel, 
these will be denoted by ag- 

Proposition 6. Suppose that R is a locally unital ring strongly graded by 
a groupoid G. Then the association of each e € ob(G) and each s (z G to 
the ring CR^^{Re) and the function as : GR^^^^^{Rd(s)) ^ C^g^^^j (^c(s)); 
respectively, defines a functor of groupoids a : G ^ C{R,G). Moreover, a 
is uniquely defined on morphisms given that the relation as{x)rs = rgX holds 
for all s & G, all x & ^^^(-^^{s)) (^''^'d all S i?^- 

Proof. This follows immediately from Proposition [3] (or Remark [2]). □ 

Remark 5. Suppose that i? is a locally unital ring strongly graded by a 
groupoid G. Take s £ G. By Proposition [5]^a) and the equalities Rc{s) = 
RgRs-i and Rd{s) = Rs-^Rs it follows that Rd(s) = if and only if Rc(s) = 0; 
in that case ag is of course the zero map. If one wants to avoid such maps 
one may, by Proposition [5]^c), assume that all components of R are nonzero 
and in particular that each ring R^, for e € ob(G), has a nonzero identity 
element. 

Definition 4. Suppose that i? is a locally unital ring strongly graded by a 
groupoid G. By abuse of notation, we let Z{R, G) denote the subcategory of 
G(ii, G) having Z{Re), for e € ob(G), as objects, and the ring isomorphisms 
^{Rd{s)) ~^ -^(^c(s)); foi" s G G, as morphisms. 

Proposition 7. Suppose that R is a locally unital ring strongly graded by a 
groupoid G. Then the association of each e G ob(G) and each s & G to the 
ring Z{Re) and the function as '■ Z{R^^s'j) — ?• Z{Rf.i^s))j respectively, defines 
a functor of groupoids a : G Z{R,G). Moreover, a is uniquely defined 
on morphisms given that the relation as{x)rs = rgX holds for all s (z G, all 
X G Z{R^(^s^) and all rg € Rs- 

Proof. This follows immediately from Proposition m (or Remark [3]). □ 

Proof of Theorem [21 Suppose that y = X^sgG^s ^ Cr{Rh) where ys € 
Rs, for s G G, and ys = for all but finitely many s G G. Since ley = yle, 
for e G ob(G), we get that ys = whenever c(s) 7^ d{s). Therefore, we get 
that y = EeGob(G)^e, where Xe := EseGe ^ ^Ge, for e G ob(G). Since 
y G Gr{Rh) C Gr^Rc), for e G oh{H), we get that Xe G GR^^^^Re), for 
e G oh{H). Take s & H. By the last part of Proposition [6] and the fact that 
the equality rsy = yrg holds for all rs G Rs, we get that o"s(xrf(5)) = Xc(s)- 
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On the other hand, it is clear, by Proposition [6l that all sums of the form 
T^eeoh(G) ^e, with Xe G Rce, when e G ob(G) \ oh{H), and Xe G CR^jRe), 
for e G oh{H), satisfying crs{xd(s)) = Xc(s)i for s £ H, belong to Cr{Rh)- □ 

4. Examples 

In this section, we show Theorem [3] and illustrate it in two cases (see 
Example d]). Our method will be to generalize, to category graded rings (see 
Proposition [8]) , the construction given in [3] for the group graded situation. 
In order to do this, we first need to introduce some additional notation. Let 
K he a commutative ring with 1^^ 7^ and suppose that G is a category. Fix 
a positive integer n and choose Sj G G, for 1 < i < n. Put 5 = {sj | 1 < i < 
n}. If 1 < i, j < n, then let Cjj G Mn{K) be the matrix with Ix in the ij:th 
position and elsewhere. For s G G, we let Eg be the left i^T-submodule 
of Mn{K) spanned by the set {e^j | 1 < i,j < n, {si,s) G G*^^\ SiS = Sj}. 
With the above notation, the following result holds. 

Proposition 8. If we put R := "^s^qRs, then 

(a) the collection of left K -modules Rg, for s G G, of R is a G -filter in R; 

(b) if SiS G S, for all (sj, s) G (S* x G) riG^'^\ then Rg, for s £ G, is a strong 
G-filter in R; 

(c) ifG = S, then Rg / {0} for s G G; 

(d) if d{si) G S, for i G {1, . . . ,n}, then R has an identity element given by 
S/Gob(G) "where for each f G ob(G), the element If € Rf is the sum 
of all en satisfying d{si) = f ; 

(e) if G is cancellative, then the collection of left K -modules Rg, for s (z G, 
of R makes R a graded ring; 

(f) if G is a groupoid and G = S, then Rg, for s £ G, makes R a unital 
strongly graded ring with Rg ^ {0}, for s £ G. 

Proof, (a) Suppose that (s,t) G G'^^). Take Cij G Rg and eik G Rt- If j / 
then CijCik = G Rgt- Now let j = I. Then, since SjS = Sj and Sjt = Sfc, we 
get that Sist = sjt = Sk- Hence, eijCjk = Cj^ G Rgt- 

(b) Take {s,t) G G^"^^ and Cik G Rgt- Then SiSt = Sk- Since SjS G S there 
is Sj G S with SiS = sj. This means that Cij G Rg- Moreover, sjt = SiSt = Sk 
which yields ejk G Rt- Hence e^k = eijCjk G RgRt- 

(c) Take s € G. Since G = S, there is Si, Sj G S with Sj = c(s) and Sj = s- 
Therefore SjS = c(s)s = s = Sj- Hence Cij G S which, in turn, implies that 
Rs + {0}. 

(d) Take s G G and suppose that ejk G Rg for some j,k G {1, . . . , n}. By 
the assumptions we get that d{sj) G S- Therefore ejj G Rd{sj) hence 
E/eob{G) l/ejfc = ejjCjk = Cjk- In the same way E/eob(G) ejfcl/ = e^fc. 

(e) Let Xg denote the collection of pairs (i,j), where 1 < i, j < n, such 
that (sj, s) G G^^^ and SjS = Sj. Suppose that s 7^ t. Seeking a contradiction 
suppose that Xg Ci Xt 7^ 0. Then there are integers k and /, with 1 < 
k,l < n, such that SkS = si = Skt. By the cancellability of G this implies 
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that s = t which is a contradiction. Therefore, the sets Xg, for s E G, 
are pairwise disjoint. The claim now follows from (a) and the fact that 
= E(i,j)GX, ^(^ij all s eG. 

(f) This follows immediately from (a), (b), (c), (d) and (e). If we use 
Proposition m^a) the strongness condition can be proven directly in the fol- 
lowing way. Take s £ G and Si G S. Since G = S there is sj € 5 with 
SiS = Sj. This means that Cij G Rg. Since G is a groupoid we get that 
SjS~^ = Si, i.e. Cji € Therefore en = Cijeji € RgRg-i. □ 

Proof of Theorem [3l We first consider the case when G is connected. 
If G only has one object, then it is a group in which case it has already 
been treated in [3]. Therefore, from now on, we assume that we can choose 
two different objects e and / from G. We denote the morphisms of G by 
ti,t2, ■ ■ ■ ,tn- For technical reasons, we suppose that d{ti) = f, c{ti) = e 
and tn = e. Let us now choose n + 1 morphisms si, S2, • . • , Sn+i from G in 
the following way; Sj = ti, when 1 < i < n, and s„,-|_i = i„. Now we define 
R according to the beginning of this section. By Proposition [8l|f), the ring 
R is strongly G-graded and each for s € G, is nonzero. 

We shall now show that the morphism t := ti has the desired property. 
Let m denote the cardinality of the set of s G G with d{g) = e. The 
component Rg is the left X-module spanned by the collection of Cij with 
SjC = Sj, that is, such that Si = sj and d{sj) = e. By the construction 
of S it follows that the ii'-dimension of Re equals m + 3. Analogously, the 
component Rt-^ is the left X-module spanned by the collection of Cij with 
Siti = Sj. Since d{ti) = / 7^ e, this implies that the i('-dimension of Rt^ 
equals m + 1. Seeking a contradiction, suppose that Rt^ is free on some 
generators u^, 1 < Z < d, as a left iig-module. Then the map 9 : R^ ^ Rti, 
defined by 9{xi, . . . , Xd) = Ylf=i ^I'^^U fo^' ^ ^e, for Z S {1, . . . , d}, is, in 
particular, an isomorphism of left ii'-modules. Since dimx(-Re) = (i(m+3) > 
m + 1 = d\m.K{Rtx)i this is impossible. 

We shall now show that our groupoid G, in the general case, is the disjoint 
union of connected groupoids. Define an equivalence relation ~ on ob(G) 
by saying that e ~ /, for e, / € ob(G), if there is a morphism in G from e 
to /. Choose a set E of representatives for the different equivalence classes 
defined by ~. For each e € E, let [e] denote the equivalence class to which e 
belongs. Let G[e] denote the subgroupoid of G with [e] as set of objects and 
morphisms s £ G with the property that c(s), d{s) £ [e]. Then each G[e], for 
e £ E, is a connected groupoid and G = l+lgg^; G^ej- 

For each e £ E, we now wish to define a strongly Gjej-graded ring R^^]- We 
consider three cases. If G[e] = {e}, then let i?[e] = If [e] = {e} but the 
group G[e] contains a nonidentity morphism t, then let R^^.] be any strongly 
G[e]-graded ring with the desired property (following [3]). If [e] has more 
than one element, let i?[g] denote the strongly G[e]-graded ring constructed 
in the first part of the proof. We may define a new ring to be the direct sum 
®ee-E -^[e] which is strongly graded by G and has the desired property. □ 
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Example 1. We have chosen nontrivial examples of graded rings R in the 
sense that not all graded components Rg are free left "Modules. In the 
free case the group old action is defined by a single conjugation which makes 
the analysis easier; in the general case the action is a sum of such maps. 

(a) Suppose that G is the cyclic additive group Z4 = {0,1,2,3}. Using 
the notation from the proof of Theorem [3] above, we put 

si = S2 = 1 S3 = 2 S4 = S5 = 3 

Then R := M^{K) is a strongly Z4-graded ring with components defined by 

Rq = Ken + ^622 + ^^^633 + Keu + ^645 + ^654 + Ke55 

Ri = Kei2 + Ke23 + Ke^^ + ^635 + Ke^i + Ke^i 

R2 = Kei3 + Ke2A + Ke25 + Ke^i + ^642 + ^^652 

i?3 = Ken + Kei^ + Ke2i + Ke32 + Ke^^ + ^653 

By a straightforward calculation, we get that 

Cr{Rq) = Ken + Ke22 + Kess + K{eM + £55). 

It is easy to see that 

C7l(x) = 612X621 + 623X632 + 634X643 + 641X614 + 651X615 

and hence that 

(T2(x) = O-i(x) = 613X631 + 624X642 + 631X613 + 642X624 + 652X625 

for all X G Cji{Ro). If we put H = {0, 2}, then, by Theorem [H we get that 

Cr{Rh) = CniRof = Cr{Ro)^^^ = K{en + 633) + ^^(622 + 644 + 655) 
and 

Z{R) = Cr{R) = CRiRof' = Cr{Ro)^'^ = KIr. 

(b) Now suppose that G is the groupoid with two objects e and / and 
nonidentity morphisms a : 6 ^ 6, /3 : / — )• /, : / — > 6, ui : / — )• 6, 
to : e f and ti : e ^ f with composition given by the following relations 

= e auQ = ui olu\ = uq uqP = ui ni/3 = uq 

0^ = f (3to = ti pti = to tQa = ti tia = to 

uoto = 6 uito = a uoti = a uiti = e 

touo = f toui = P tiuo = P tiui = f 
Using the notation from the proof of Theorem [3] above, we put 

•Sl = / S2 = (3 S3=Uo S4 = Ui 
S5 = to SG = ti S7 = a S8 = Sg = e 
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Now we define the strongly G-graded subring R of Mq{K) according to the 
beginning of this section. A straightforward calculation shows that 

Re = Ke55 + Kem + KejY + Kess + Kesg + Kegg + Kegg 

Ra = Ke56 + KeG5 + Ke7s + ^679 + Kesv + Kegj 

Rto = Kei5 + Ke26 + Kess + Kesg + ^647 

Rt^ = Kei6 + Ke25 + ^637 + ^643 + ^649 

Rf = Ken + Ke22 + Ke^^ + ^644 

Rp = Kei2 + Ke2i + Ke34 + Ke^s 

Ruo = Ke^i + KeQ2 + ^674 + Ke^z + Kegs 

Rui = Ker-,2 + Ke^i + Kejs + ^634 + ^^694 

By a straightforward calculation we get that 

Cr^^ (Re) = Ke55 + if 666 + -^^^677 + K{e88 + 699) 

and 

CRof (Rf) = Ken + Ke22 + Ke^z + Ke^^. 
It is easy to see that 

(Tq,(x) = 656X665 + 665X655 + 673X687 + 637X678 + 697X679 

for all X E Cijg^(i?e) and that 

0-/3(2/) = 612X621 + 621X612 + 634X643 + 643X634 
for all y S Cr^^ i^f)- Now we use this and Theorem [2] to compute Cji{Rh) 
for all eleven subgroup oids H of G: 

Hi = {e} H2 = {f} H3 = {eJ} = Ge H^ = Gf 
He = {e,f,a} Hj = {e,f,P} Hs = {eJ,a,f3} 
Hg = {e,f,to,uo} Hio = {e,f,ti,ui} Hn = G 
We immediately get that 

Cr{Rh,) = GR{Re) = CR^^iRe) + RGf = 

= if 655 + if 666 + -f^677 + if (688 + 699) + if 611 + if 622 + if 633 + if 644 + 
+if 612 + if 621 + if 634 + if 643 

and similarly that 

Cr{Rh,) = GR{Rf) = Cr^^ {Rf) + Rg^ = 

= Ken + if 622 + if 633 + -f^644 + if 655 + if 666 + -f^677 + if 638 + 
+if 639 + if 693 + if 699 + if 656 + -f^665 + if 678 + -^^679 + if 637 + if 697. 

Furthermore, we get that 

Cr{Rh,) = Cr^^ (Rf) + Cr^^ (Re) = 
= Ken + if 622 + if 633 + -f^644 + if 655 + if 666 + -^677 + if (633 + 699). 

Next we get that 

Cr{Rh,) = CR^^Ref^ + RCf = CR^^iRe)^"^ + Rgj = 
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= (Ke55 + Kem + Kejr + ^(ess + egg))^"^ + Rcf = 
= K{e55 + eee) + K{e77 + ess + egg)+ 
+Keii + Ke22 + Ke^^ + 1^644 + Kei2 + Ke2i + Keu + ^643 

and 

CR{RH,) = CR^^{Rfff+RG^ = 

= {Keii + if 622 + Ke33 + if 644)^''^ + Rg^ = 
= K {eu+e22)+ K {e33+eu)+ K 655+ Keee+K €77+ Kes8+Kes9+Kegs+K egg 

+Ke5Q + if 665 + Kejs + if eyg + if 6s7 + if 697- 

By the above calculations, we get that 

CniRHe) = CR^^{Ref^+CR^^{Rf) = 
= if (655 + 666) + K{e77 + 688 + 699) + Ken + if 622 + if 633 + if 644 

and 

Cr{Rh,) = Cr^^ {Rfff + Cr^^ (Re) = 

= if (611 + 622) + if (633 + 644) + if 655 + if 666 + -f^e77 + if (688 + 699) 
and 

Cr{Rhs) = Cr^^ {Ref^ + Cr^^ {Rff' = 

= if (655 + 666) + K{e77 + 688 + egg) + if (en + 622) + if (ess + e44)- 
By a straightforward calculation, wc get that 

£7*0 (x) = 615X651 + 626a;e62 + CsgXegs + 647X674 

and 

fJti (x) = 616X661 + 625X652 + 6s7a;e7s + 648X684 

for all X € CRQ^{Re)- By the above calculations, we get that 
Cr{Rh<,) = {x + C7to{x) I X G Crq^ {Re)} = 
= if (611 + 655) + if (622 + 666) + if (644 + 677) + if (633 + 688 + 699) 

and 

Cr{Rhio) = {x + O-ti(x) I X e CRQ^{Re)} = 
= if (622 + 655) + if (611 + 666) + -f^'(e33 + 677) + if (e44 + 688 + 699) 

and 

Cr{Rh^,) = Z{R) = {x + atoix) I X G Cr^^ {Ref'} = 

= if (611 + 622 + 655 + 666) + -f^'(e33 + 644 + 677 + 688 + 699)- 
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